IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

A theorem on the local isometric embedding of empty space-times in a space of constant

curvature

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1971 J. Phys. A: Gen. Phys. 4 206
(http://iopscience.iop.org/0022-3689/4/2/004)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.73
The article was downloaded on 02/06/2010 at 04:33

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0022-3689/4/2
http://iopscience.iop.org/0022-3689
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Gen. Phys., 1971, Vol. 4. Printed in Great Britain

A theorem on the local isometric embedding of empty
space-times in a space of constant curvature

C. D. COLLINSON
Department of Applied Mathematics, University of Hull, Hull, England
MS. received Tth September 1970, in revised form 12th October 1970

Abstract. It is shown that no non-flat empty space-time can be embedded
locally and isometrically in a five-dimensional space of nonzero constant
curvature, ‘

1. Introduction

The theorem that no non-flat # dimensional Riemannian space with zero Ricci
tensor can be embedded, locally and isometrically, in an #+ 1 dimensional pseudo-
euclidean (flat) space is often quoted in the literature (Eisenhart 1925 p. 200). The
usual proof of this theorem does not hold for indefinite metrics. This fact has been
pointed out by Szekeres (1966) who gives a proof valid for the (empty) space-times
of general relativity. In this paper an extension of Szekeres’ result is proved, namely:
Theorem. No non-flat empty space-time can be embedded locally and isometrically in a
five-dimensional space of nonzero constant curvature.

An » dimensional Riemannian space with metric g;; can be embedded locally and
isometrically in an #+1 dimensional space of constant curvature K, if and only if
there exists a symmetric tensor a;; satisfying the following equations (Eisenhart 1925
p. 210):

Gauss equation
Ry = e(away — anty) + Ko(giwg n —8ul iw) (L.1)
Codazzi equation
@y~ Ay, = 0. (1.2)

Here ¢ = +1 and Ry, is the curvature tensor of the # dimensional Riemannian
space.

2. Proof of theorem
Contracting equation (1.1) yields, on putting R;;, = 0,
e(aga —alay) = 3Kog .
This equation, with 3K, replaced by A, has been investigated by Szekeres (1966
equation 14) in a different context. Szekeres proves that the tensor a;; must take one
of the two canonical forms
(a) A = }lgj;c —GKD = A%
where u,, s, are vectors satisfying —~ua/ = s = 1, w8’ = 0.
Substituting the canonical form (@) into equation (1.1) gives R;;,;, = 0 which
contradicts the hypothesis of the theorem.
The canonical form (b) can be rewritten as
@ = |3Ko Mg = |12Ko[Y3( L+ myl,) (2.1)
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where the null vectors I, n; are defined by

Iy = (s;+u;)[v/2 ny = (s;—u;)[v/2.
Substituting (2.1) into (1.1) yields
Rij = 4Ko(gig 51 —8ug i) — 0K olguLim+ liny) — gu(lyme + Liny)}
+ 12K {(medy — il )(dimy — i)}
Substituting (2.1) into the Codazzi equation (1.2) yields

Ligny+ Loy + Iy + Uiy — Lt — g ity — Ly =~ Lemy.; = 0.

Contracting this equation with // yields

Lo+ Limgg? = 1 Uy — b, s Vmy — Ly ;U7 — Ly 500 = 0.,
Contracting equation (2.4) with [' and »' gives

LV = Ll ;U and Myl = — il .

Using these two results equation (2.4) becomes

li;k = - liAk
where
L. Ak == nj;klj.
By a similar argument
Ry = m Ay
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2.2)

(2.3)

24

(2.5)

(2.6)

and then the Codazzi equation (2.3) is identically satisfied by virtue of equations (2.5)

and (2.6).
Differentiating equation (2.5) yields

li;kj = '_li;jAk"liAk;j = liAJ'Ak—liAk;j'
Hence

lipeny = 2Rl = —liA[k;JJ'
From this equation it follows that
l[mR’i]Sk]'lS = 0.
Substituting the expression (2.2) into this equation gives
—4Kolm&uln = 0.
Hence for an embedding K, must vanish and this proves the theorem.
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