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J. Phys. A:  Gen. Phys., 1971, Vol. 4. Printed in Great Britain 

A theorem on the local isometric embedding of empty 
space-times in a space of constant curvature 

C. D. COLLINSON 
Department of Applied Mathematics, University of Hull, Hull, England 
MS. received 7th Se3tember 1970, in reaisedform 12th October 1970 

Abstract. I t  is shown that no non-flat empty space-time can be embedded 
locally and isometrically in a five-dimensional space of nonzero constant 
curvature. 

1. Introduction 
The theorem that no non-flat n dimensional Riemannian space with zero Ricci 

tensor can be embedded, locally and isometrically, in an n + 1 dimensional pseudo- 
euclidean (flat) space is often quoted in the literature (Eisenhart 1925 p. 200). The 
usual proof of this theorem does not hold for indefinite metrics. This fact has been 
pointed out by Szekeres (1966) who gives a proof valid for the (empty) space-times 
of general relativity. In  this paper an extension of Szekeres’ result is proved, namely: 
Theorem No non-flat empty space-time can be embedded locally and isometrically in a 
five-dimensional space of nonzero constant curvature. 

An n dimensional Riemannian space with metric g,, can be embedded locally and 
isometrically in an n+ 1 dimensional space of constant curvature KO if and only if 
there exists a symmetric tensor a i j  satisfying the following equations (Eisenhart 1925 
p. 210) : 

Gauss equation 

Codazzi equation 

Here e = 
space. 

Ri jk l  = e(aikujl  - a i l U j k )  f KO(gikgjl -gilgjk) 

a i j ; k  - a t k l j  = 0.  

(1.1) 

(1 .2 )  
1 and Rijkl  is the curvature tensor of the TZ dimensional Riemannian 

2. Proof of theorem 
Contracting equation (1.1) yields, on putting Rjk = 0, 

E(aikai -atajk)  = 3Kogjk. 

This equation, with 3Ko replaced by A, has been investigated by Szekeres (1966 
equation 14) in a different context. Szekeres proves that the tensor a j k  must take one 
of the two canonical forms 

(a)  a j k  = %jk -€KO = h2 

(b )  a jk  = hgjk + 2hzljuk - 2hsjsk &KO = -h2 

where uj, sj are vectors satisfying -ujzij = sjsi = 1, ujsi = 0. 

contradicts the hypothesis of the theorem. 
Substituting the canonical form ( U )  into equation (1.1) gives Rijkl  = 0 which 

The  canonical form ( b )  can be rewritten as 

ajk = 13Ko I”’gjk - I12KO 11”( ljnk + nklj) (2.1) 
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where the null vectors li, nj  are defined by 

1, = ( S j + U j ) / l / 2  n j  = ( s j - u j ) / i / 2 .  

Substituting (2.1) into (1.1) yields 

Rijkl  = 4KO(gikgjl -gilgjk) - 6KO(gik(zjnl -k I l n j )  -g idz jnk  -k b j ) ]  

+ 12K0{(nkll - $k)(lini-nilj)}. (2.2) 

(2 .3 )  

(2.4) 

Substituting (2.1) into the Codazzi equation (1.2) yields 

1,;,nj+ lj;kni+ lini,,+ ljni;k- liijnk- lk;jni- linkij- lknL;j = 0. 

li;k + linjikP - li;iljnk - lk;jljni - link;Jj - lkni;J’ = 0.  

Contracting this equation with li yields 

Contracting equation (2.4) with l2 and ni gives 
. .  

1k;jlj = lknil,;jlj and nk;j l j  = -nknLli;ilJ. 

Using these two results equation (2.4) becomes 

By a similar argument 
ni;k = n,Ak 

and then the Codazzi equation (2.3) is identically satisfied by virtue of equations (2.5) 
and (2.6). 

Differentiating equation (2.5) yields 

Hence 
li;[kjl  = 2 R S i k j l s  - liAik;jj. 

From this equation it follows that 

l[mRils~ilS = 0. 

Substituting the expression (2.2) into this equation gives 

- 4 K O z [ m ~ i l ~ k ~ i l  = O *  
Hence for an embedding K O  must vanish and this proves the theorem. 
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